CHAPTER 1 1 PARAMETRIC EQUATIONS AND 
POLAR COORDINATES 



11.1 PARAMETRIZATIONS OF PLANE CURVES 

1. x = 3t, y = 9t 2 , —oo < t < oo => y = x 2 2. x = — y/t, y = t, t > 0 => x = — y/y 

or y = x 2 , x < 0 




3. x = 2t — 5, y = 4t — 7, — oo < t < oo 
=>■ x + 5 = 2t => 2(x + 5) = 4t 
=> y = 2(x + 5) - 7 => y = 2x + 3 




4. x = 3 - 3t, y = 2t, 0 < t < 1 => \ = t 
=s> x = 3-3(|) => 2x = 6 — 3y 
=> y = 2— | x, 0 < x < 3 



y 




5. x = cos 2t, y = sin 2t, 0 < t < tt 

=> cos 2 2t + sin 2 2t = 1 => x 2 + y 2 = 1 




6. x = cos (n — t), y = sin (tt — t), 0 < t < tt 
=> cos 2 (tt — t) + sin 2 (tt — t) — 1 
=> x 2 + y 2 = 1 , y > 0 



y 




Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 




648 Chapter 1 1 Parametric Equations and Polar Coordinates 



7. 



x = 4 cos t, y = 2 sin t, 0 < t < 2-k 



16 cos 2 1 | 4 sin 2 1 
16 ■ + ' 4 



= 1 




y 




9. 



x = sin t, y = cos 2t, — | < t < | 

=> y = cos 2t = 1 — 2sin 2 1 => y = 1 — 2x 2 



y 




11. x = t 2 , y = t 6 — 2t 4 , — oo < t < oo 
=> y = (t 2 ) 3 - 2(t 2 ) 2 => y = x 3 - 2x 2 




8. x = 4 sin t, y = 5 cos t, 0 < t < 2n 



16 sin 2 t 
16 



25 cos 2 t | 

25 — 1 




y 




10. x = 1 + sin t, y = cos t — 2, 0 < t < 7r 

=> sin 2 1 + cos 2 1 = 1 => (x — l) 2 + (y + 2) 2 




12.x=^.y=^-l<t<l 



=> t= ^ = 

y 2-x 




13. x = t, y = VT^P, — 1 < t < 0 

=> y = 1 — x 2 

y 



X 




14. X = y/t + 1, y = y/t, t > 0 

=> y 2 = t =>■ x = y/y 2 + 1 , y > 0 
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17. x = — cosh t, y = sinh t, — oo < 1 < oo 
=> cosh 2 t — sinh 2 t=l => x 2 — y 2 = 1 



18. x = 2 sinh t, y = 2 cosh t, — oo < t < oo 

=> 4 cosh 2 t - 4 sinh 2 1 = 4 => y 2 - x 2 = 4 





19. (a) x = a cos t, y = — a sin t, 

(b) x = a cos t, y = a sin t, 0 

(c) x = a cos t, y = — a sin t, 

(d) x = a cos t, y = a sin t, 0 



0 < t < 27 t 


20. (a) 


< t < 27T 


(b) 


0 < t < 47 t 


(c) 


< t < 4n 


(d) 



x = a sin t, y = b cos t, | < t < 

x = a cos t, y = b sin t, 0 < t < 27r 

x = a sin t, y = b cos t, | < t < ^ 

x = a cos t, y = b sin t, 0 < t < 47r 



21. Using (—1, —3) we create the parametric equations x = — 1 + at and y = —3 + bt, representing a line which goes 
through (—1, —3) at t = 0. We determine a and b so that the line goes through (4, 1) when t = 1. 

Since 4 = — l + a=t>a = 5. Since 1 = —3 + b => b = 4. Therefore, one possible parameterization is x = - 1 + 5t, 
y = -3 + 4t, 0 < t < 1. 



22. Using (—1, 3) we create the parametric equations x = — 1 + at and y = 3 + bt, representing a line which goes through 
(—1, 3) at t = 0. We determine a and b so that the line goes through (3, —2) when t = 1. Since 3 = — 1 + a => a = 4. 
Since —2 = 3 + b => b — —5. Therefore, one possible parameterization is x — — 1 + It, y = 3 — 5t, 0 < t < 1. 

23. The lower half of the parabola is given by x = y 2 + 1 for y < 0. Substituting t for y, we obtain one possible 
parameterization x = t 2 + 1, y = t, t < 0. 

24. The vertex of the parabola is at (—1, —1), so the left half of the parabola is given by y = x 2 + 2x for x < —1. Substituting 
t for x, we obtain one possible parametrization: x = t, y = t 2 + 2t, t < —1. 



25. For simplicity, we assume that x and y are linear functions of t and that the point(x, y) starts at (2, 3) for t = 0 and passes 
through (—1, —1) at t = 1. Then x = f(t), where f(0) = 2 and f(l) = —1. 

Since slope = ^ = = —3, x = f(t) = — 3t + 2 = 2 — 3t. Also, y = g(t), where g(0) = 3 and g(l) = —1. 

Since slope = ^ = = —4. y = g(t) = -4t + 3 = 3 — 4t. 

One possible parameterization is: x = 2 — 3t, y = 3 — 4t, t > 0. 



Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 




650 Chapter 1 1 Parametric Equations and Polar Coordinates 

26. For simplicity, we assume that x and y are linear functions of t and that the point(x, y) starts at (—1, 2) for t = 0 and 
passes through (0, 0) at t = 1. Then x = f(t), where f(0) = — 1 and f(l) = 0. 

Since slope — ^ — °^ l 1q 1) = 1, x = f(t) = It + (—1) = — 1 + t. Also, y = g(t), where g(0) = 2 and g(l) = 0. 

Since slope = ^ = = — 2. y = g(t) = — 2t + 2 = 2 — 2t. 

One possible parameterization is: x = — 1 + t, y = 2 — 2t, t > 0. 

27. Since we only want the top half of a circle, y > 0, so let x = 2cos t, y — 2|sin t|, 0 < t < 4 tt 

28. Since we want x to stay between —3 and 3, let x = 3 sin t, then y = (3 sin t) 2 = 9sin 2 1, thus x = 3 sin t, y = 9sin 2 1, 

0 < t < oo 

29. x 2 + y 2 = a 2 => 2x + 2y ^ = 0 => ^ = — p ; let t = ^ => — p = t => x = — yt. Substitution yields 

y 2 t 2 + y 2 = a 2 =>• y — and x = , — oo < t < oo 

30. In terms of 9, parametric equations for the circle are x = a cos 9, y = a sin 0, 0 < 0 < 2tt. Since 9 = p , the arc 
length parametrizations are: x = a cos | , y = a sin | , and 0 <\ <2~ => 0 < s < 27ra is the interval for s. 

31. Drop a vertical line from the point (x, y) to the x-axis, then 9 is an angle in a right triangle, and from trigonometry we 

know that tan 9 = p =>■ y = x tan 9. The equation of the line through (0, 2) and (4, 0) is given by y = - x + 2. Thus 
xtanf? = 4 X + 2 =*► x = and y = where 0 < 9 < f . 

32. Drop a vertical line from the point (x, y) to the x-axis, then 9 is an angle in a right triangle, and from trigonometry we 

know that tan 9 — \ => y = x tan 9. Since y = => y 2 = x => (x tan 9) 1 = x => x = cot 2 $ => y = cot 9 where 

0 < 9 < f. 

33. The equation of the circle is given by (x — 2) 2 + y 2 = 1. Drop a vertical line from the point (x, y) on the circle to the 
x-axis, then 9 is an angle in a right triangle. So that we can start at (1, 0) and rotate in a clockwise direction, let 

x = 2 — cos 9, y = sin 9, 0 < 9 < 2ir. 

34. Drop a vertical line from the point (x, y) to the x-axis, then 6 is an angle in a right triangle, whose height is y and whose 

base is x + 2. By trigonometry we have tan 9 — => y = (x + 2) tan 9. The equation of the circle is given by 

x 2 + y 2 = 1 x 2 + ((x + 2)tan0) 2 = 1 =>■ x 2 sec 2 9 + 4xtan 2 # + 4tan 2 # —1=0. Solving for x we obtain 

x = — 4tan29± ^ (4tan ;t;; sec2g ( Wfl -i) = - Wg f 2 ^p^ = — 2shr 9 ± costVcos 2 0-3sin 2 0 
= —2 + 2cos 2 9 ± cos 9\/ 4cos 2 9 — 3 and y = ^—2 + 2cos 2 $ ± cos 9\/ 4cos 2 9 — 3 + 2 ^ tan 9 

— 2sin(9cos0 ± sin 9\J 4cos 2 9 — 3. Since we only need to go from (1, 0) to (0, 1), let 
x = — 2 + 2cos 2 9 + cos0\/4cos 2 9 — 3, y = 2sin$cos0 + sin 9\J 4cos 2 9 — 3, 0 < 9 < tan” 1 (p). 

To obtain the upper limit for 9, note that x = 0 and y = 1, using y = (x + 2) tan 9 => 1 = 2 tan 9^9 — tan” 1 Q) . 

35. Extend the vertical line through A to the x-axis and let C be the point of intersection. Then OC = AQ = x 

and tan t = ^ = j =* x = ^ = 2 cot t; sin t = ^ =* OA = ^ ; and (AB)(OA) = (AQ) 2 =* AB(^)=x 2 

=* = (d-f =* AB = M • Next y = 2 — AB sin t =► y = 2 - (^) sint = 

2 — yfjpy =2 — 2 cos 2 1 = 2 sin 2 1. Therefore let x = 2 cot t and y — 2 sin 2 1, 0 < t < n. 
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36. Arc PF = Arc AF since each is the distance rolled and 
= ZFCP => Arc PF = b(ZFCP); ^af = 0 
=> Arc AF = a0 => a 0 = b(ZFCP) +> ZFCP = 3 0; 
ZOCG = | - 0; ZOCG = ZOCP + ZPCE 
= ZOCP + (f - a) . Now ZOCP = tt - ZFCP 
= 7T - l 9. Thus ZOCG = TT — § (9 + f - a => § - 0 
^- 50 +f-a =► a = 7r- 3 0 + 0 = 7r-(^0) 



y 




Then x = OG — BG = OG — PE = (a — b) cos 0 — b cos a = (a — b) cos 0 — b cos (jr — 9 ) 

= (a — b) cos 9 + b cos ( 0) . Also y = EG = CG — CE = (a — b) sin 9 — b sin a 
= (a — b) sin 9 — b sin (7T — 9 ) = (a — b) sin 9 — b sin 9 ) . Therefore 

x = (a — b) cos 9 + b cos ( 3-=-^ 0) and y = (a — b) sin 9 — b sin ( 5-=-^ 0) . 

If b = then x = (a - |) cos 9 + | cos 

= cos 9 + | cos 30 = ^ cos 0+| (cos 0 cos 20 — sin 0 sin 20) 

= ^ cos 0+| ((cos 0) (cos 2 0 — sin 2 0) — (sin 0)( 2 sin 0 cos 0)) 

= ^ cos 0+| cos 3 0 — | cos 0 sin 2 0 — ^ sin 2 0 cos 0 

= ^ cos 0+| cos 3 0 — ^ (cos 0) (1 — cos 2 0) = a cos 3 0; 

y = (a - |) sin0 - | sin ^ 9^j — ^ sin 0 — | sin 30 = ^ sin 0 — | (sin 0 cos 20 + cos 0 sin 20) 

= ^ sin 9 — | ((sin 0) (cos 2 0 — sin 2 0) + (cos 0)( 2 sin 0 cos 0)) 

= ^ sin 9 — | sin 0 cos 2 0 + | sin 3 9 — =f cos 2 0 sin 0 

= f sin 9 - f sin 0 cos 2 0 + | sin 3 0 

= ^ sin 9 — ^ (sin 0) (1 — sin 2 0) + | sin 3 0 = a sin 3 0. 



37. Draw line AM in the figure and note that ZAMO is a right 
angle since it is an inscribed angle which spans the diameter 
of a circle. Then AN 2 = MN 2 + AM 2 . Now, OA = a, 

— — tan t, and — = sin t. Next MN = OP 

a ’ a 

+> OP 2 — AN 2 - AM 2 = a 2 tan 2 1 — a 2 sin 2 1 
+> OP = \J a 2 tan 2 1 — a 2 sin 2 1 
= (a sin t)i/ sec 2 1 — 1 = . In triangle BPO, 

x = OP sin t = = a sin 2 1 tan t and 

COS t 

y = OP cos t = a sin 2 t =+ x = a sin 2 1 tan t and y = a sin 2 1. 



y 
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38. Let the x-axis be the line the wheel rolls along with the y-axis through a low point of the trochoid 
(see the accompanying figure). 




parallel to the xy-axes and having their origin at the center C of the wheel. Then x' = b cos a and 
y' = b sin a, where a = y — 9. It follows that x' = b cos ( y ~ 0) = — b sin 9 and y' = b sin (y — 0) 

= — b cos 6 => x = h + x' = ad — b sin 9 and y = k + y' = a — b cos 9 are parametric equations of the trochoid. 



39. D = ^/(x^2) 2 + (y- i) 2 D 2 = (x - 2) 2 + (y - \f = (t - 2) 2 + (t 2 - i) 2 =► D 2 = t 4 - 4t + ^ 

=> = 4t 3 — 4 = 0 => t = 1. The second derivative is always positive for t ^ 0 =>■ t = 1 gives a local 

minimum for D 2 (and hence D) which is an absolute minimum since it is the only extremum => the closest 
point on the parabola is (1, 1). 



40. D = y / ( 2 cos t — |) 2 + (sint-0) 2 => D 2 = (2 cos t - |) 2 + sin 2 1 => ^ 

= 2 (2 cos t — |) (—2 sin t) + 2 sin t cos t = (—2 sin t) (3 cos t — |) = 0 => —2 sin t = 0 or 3 cos t — | = 0 
=> t = 0, 7r or t = | , y . Now d ^ ) — —6 cos 2 1 + 3 cos t + 6 sin 2 1 so that d ^ - (0) = — 3 =>■ relative 
maximum, ^ 2 (7r) = — 9 => relative maximum, ^ 2 - (f ) = | => relative minimum, and 

CjPd (y) = | => relative minimum. Therefore both t = | and t = y give points on the ellipse closest to 
the point (|, 0) => f P and fp — Pr) are the desired points. 



41. (a) 



(b) 



y 



(c) 



y 






42. (a) 



(b) 



y 



(C) 



y 
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47. (a) 





48. (a) 



y 




x — 6 cos t + 5 cos 3t, y = 6 sin t - 5 sin 3 t, 
0 < t < 2 jt 




(b) 




x = 6 cos It + 5 cos 6 t, y = 6 sin 2t — 5 sin 6/, 
0 < t < n 




x = 6 cos It + S cos 6 1 , y- 6 sin 4t - 5 sin 6t , 

0 <t <Tt 



11.2 CALCULUS WITH PARAMETRIC CURVES 



1. t = | => x = 2 cos | = y/2, y = 2 sin ^ = y/2; 45 = —2 sin t, $ = 2 cos t => — 



dy dy/dt 2 cos t 

dx dx/dt — 2 sin t 



= — COt t 



dy 

dx 

d 2 y 

dx 7 



= — cot | = — 1 ; tangent line is y — \J 2 = — 1 

= -V2 



2^ or y = —x + 2\[2 ; = esc 2 t 



dyVdt esc 2 1 

dx/dt — 2 sin t 



1 

2 sin 3 t 



d 2 y 

dx 2 



2. t = — \ => x = sin (27 t (— |)) = sin (— |) = — ^ , y = cos (27 t (— ^)) = cos (— f ) = \ ; ^ = 27t cos 27rt, 

— 27 t sin 27 rt 



I = — 27 t sin 27 Tt =► = - 2TSin , 2 ^ = - tan 27 rt => 

at ax 27T cos 27rt ax 



tangent line is y 



5 = \/3 [ x - (“ ^) 



_ a/3 

— , jr — 

, = -tan(27r(-i)) = -tan(-f) = y/3; 
' — 6 

or y = \/3x + 2; = —2it sec 2 27rt 



d 2 y — 2n sec 2 27rt 

dx 2 27T cos 2nt 



1 

COS 3 27Tt 



#1 

dx 2 
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3. t = 



x = 4 sin | = 2y/ 2, y = 2 cos | = y/2; ^ = 4 cos t, ^ = —2 sin t 



dy _ 

dx 



dy/dt 

dx/dt 



= — ± tan t 



ay 

dt 



i sec 2 1 



£ tan ^ 



= — 1; tangent line is y — y/2 = — | — 2y/2^ or y = 



d 2 y dyVdt — \ 

dx 2 



dx/dt 



4 cos t 



8 cos 3 t 



#1 

dx 2 



VI 

4 



—2 sin t 
4 cos t 



ix + 2y/2; 



4. 



t = — 

1 3 

=> ^1 
^ dx 



d 2 y 

dx 2 



27 r 

X = COS y- = 



> y — \/^ cos T ~ — 2 ’ ^ — s ^ n dt ~ sin t => | = 

= y/3 ; tangent line is y - = a/ 3 [x - (- |)] ory = \/3x; ^ =0 



= 0 



£y 

dx 2 



— y/3 sin t 
— sin t 

_ 0 
— sin t 



= R 

= 0 



5. t=i 



V — I V i * — 1 1 

A 4 ’ J 2 ’ dt A ’ dt 2y/t 



dy dy/dt 

dx dx/dt 



1 

2 y/i 



— —^= = 1 ; tangent line is 

= 1 2 V 4 



i = l-(x-i)ory = x+i;f = 



1 f— 3/2 

4 L 



d 2 y dy'/dt 

dx 2 dx/dt 



= - it 



-3/2 



d 2 y 

dx 7 



= -2 



6. t = 



4 

dy _ 
dx 



=> x = sec 

sec 2 1 



2 sec 2 1 tan t 

(-1) = - |(x- l)ory = - \ 

d 2 y I _ 1 
dx 2 I , 4 



(— |) — 1 = 1, y = tan (- |) = -1; ^ = 2 sec 2 1 tan t, ^ = sec 2 1 

= \ cot (— |) = — \ ; tangent line is 



2 tan t — 2 COt 1 ^ dx 



1 • 4/ _ _ I 2 f d^y _ 

2 ’ dt 2 dx 2 2 sec 2 1 tan t 



— £ csc z t 1 Q 

= — i cor t 



7 . t = | =* X = sec | = y = tan f = ^ ; £ = sec t tan t, g = sec 2 1 => g = g£| 



d/ 






= CSC t £ 



= — esc t cot t => -r4 = 



d 2 y 

dx 2 



dy'/dt — esc t cot t 

dx/dt sec t tan t 



= 2; tangent line is y — = 2 ^x — or y = 2x — \/3 ; 

= — 3x/3 



= — cor t =>- 



d 2 y 

dx 2 



8. t = 3 =► X = - y/3 TT = -2, y = ^3(3) = 3; g = - \ (t + l)" 1 / 2 , f = | (31)- 1 / 2 => g = 



3\/t+ 1 dy 

x/3t _ dx 



-3y/3TT _ 
a/3(3) 



—2; tangent line is y — 3 = 



— 2[x — (—2)] or y = — 2x — 1 ; 



dy' _ x/3t [- I (t+ 1)- 1 / 2 ]+3 xA+^ [| (30- 1 / 2 ] 
dt — 3t 




=> 




1 

3 



d 2 y _ v,2t'/3t Vt i-i 




3 

tv/3t 



(Don- 1 / 2 

(- 1) n+D-t/ 2 



9. 



t=~l => X = 5 ,y=l;g= 4 t,g= 4 t 3 => g 



dy/dt 4t^ .2 

dx/dt — 4t ~~ L 




(-1) 2 



y — 1 = 1 • (x — 5) or y = x — 4; g- = 2t 



d 2 y _ dy'/dt _ 2t _ 1 
dx 2 dx/dt 4t 2 



d^y 

dx 2 



t=-l 



1 

2 



1 ; tangent line is 



10. t = 1 



= 1. y = -2; t = - 



dy 1 

dt t 



y — (—2) = -l(x- 1) ory = -x - 1; ^ = -1 



dy _ (f) 

dx R) 

=*■ § = i 






= — 1 ; tangent line is 



= t z => H 



= 1 



11. t = | => x = | — sin | = | — 

_ sin t — v dy _ s ‘ n ( J ) 

- 1-cost dx — 1-cos (|) 




1 — cos 1 = 1 — 1 = t ; g = 1 — cos t, g = sin t 
= \/?> ; tangent line is y — \ = \f?> (x — | + 



dy dy/dt 

dx dx/dt 
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=» y = 



a/3x - + 2 



. d/ (1 — cos t)(cos t) — (sin t)(sin t) 

’ dt (1— cost) 2 



-1 

1 — cos t 



-1 

(1 — cos t) 2 



d^y 

dx 2 _ 

t= f 



-4 



d 2 y _ dy'/dt _ (rr^n) 
dx 2 dx/dt 1 — cos t 



12. t = ^ => 



x = cos | = 0, y = 1 + sin | = 2; ^ = — sin t, ^ = cos t => ^ — 
= — cot | = 0; tangent line is y = 2; ^ = esc 2 1 => 0 = = 



zlu = - cot t 

-CSC». => g 



= -1 



13. t = 2^x=^ T = i,y=y T =2;| = 
tangent line isy = 9x— 1;^- = — => 



-l dy 



-l 



(t+l) 2 ’ dt ( t -l) 2 

d-y _ 4(t+ l) 3 (Py 
dx 2 (t— l) 3 dx 2 



dy = (t+l) 2 
dx (t-l) 2 



(2+ l) 2 
( 2 - 1) 2 



= 9; 



= = 108 



14. t = 0=>x = 0 + e°=l,y=l — e° = 0;^ = l+e t , ^ = — e* => £ = => £ 



— e 
1 +e° 



1 . 
2 ’ 



tangent line is y = — ix + = 



1. d/ _ — e l 



(l+e 1 ) 



d_y _ -e 1 

dx 2 (l+e 



d_y 

dx 2 



(1 +e°)‘ 



15. x 3 + 2t 2 = 9 => 3x 2 f + 4t = 0 => 3x 2 f = -4t =» f = =£ ; 



2v 3 - 3t 2 = 4 =+ 6v 2 — — 6t = 0 =i> ^ = + = X ■ thus dy = dyMt = izi _ t(3x 2 ) _ 3x 2 . j _ 2 

zy Jt — h- =?■ oy d( di — u dt — 6y 2 — y 2 , mus dx — dx/dt — — y 2 ( _ 4t) — _ 4y 2 , i — + 

=> x 3 + 2(2) 2 = 9 =>• x 3 + 8 = 9 =>• x 3 = 1 => x = 1; t = 2 => 2y 3 - 3(2) 2 = 4 

=> 2y 3 = 16 => y 3 = 8 => y = 2; therefore ^ 



= 3(1) 2 
t=2 -4(2) 2 



_3_ 

16 



16. X = =► l = H 5 - zr‘ /2 (- 1 r>/>) = -TT-f—r ; y(t - 1) = ft =*■ y + <> - Df = Ir 1 ' 2 



«- 0 n = + 



dy 

dt 



2 -y/t y _ 1 — 2y y/t . 

(t-l) 2ty/t-2y/l 



■ thus % = -§- = 



dy 

dt 

dx 

dt 



i-Wi „ „ r 

2 tx/t- 2 y'l _ 1 ~ 2yyt 

2\A(t— 1 ) 



40+5-v^ 



2(l-2yv^y^ ;t ^ 4 ^ x= ^7^ =v ^. t = 4 =>y . 3= ^ 
_ 2(l-2(|)C4)y / 5 -y/4 _ 10^3 



=^y= 5 



therefore, ‘| y 

dx 



1-4 



t \/5 — \/t 



17. x + 2x 3 / 2 = t 2 + 1 => | + 3X 1 / 2 | = 2t + 1 => (1 + 3x 3 / 2 ) f = 2t + 1 =► f = ; y^tTI + 2t^/y = 4 

=* * \/i+i + y Q ) 6 + 1) _1/2 + 2 yy + 2t {\ y 1/2 ) | = o =► | v TTT+^ T + 2 V ^+(-t 7 ) ^ = 0 

=+ (,/t+T + — ) ^ - ~y _2 /r 9; - Gz+r" 2 ^) _ -y\/y-4y\/tTT 

^ lv t+1 + yyj dt - VtZT “Vy =* dt - ( V ZTT+^) " 2 y /y(t + i, + 2t v ZTT’ thus 

/ -y^y-^yx/t+i \ 

I = S = 2 #^ 2 ;1 = »4x + 2 x 1 / +« =6 x (l + 2X 1 / 2 ) — 0 => x = 0: t = 0 

\ 1 + 3X 1 / 2 / 



yy/0 + 1 + 2(0) yy = 4 => y = 4; therefore 



-4^4- 4(4) x/0+1 
2\/4(0+ 1)4- 2(0) v/0+ 1 
2(0)+ 1 
l + SfO) 1 / 2 



= -6 



18. x sin t + 2x = t => ^ sin t + x cos t + 2 ^ = 1 (sin t + 2) ^ = 1 — x cos t ^ = 1 sin x t +°t 1 ; 
t sin t — 2t = y => sin t + t cos t — 2 = ^ ; thus ^ = sm \ ; t = 7r => x sin 7r + 2x = 7r 

\ sint+2 / 



=> x = 5 ; therefore ^ 

2 ’ dx 



sin 7T + 7T COS 7T — 2 




SU17T+ 2 



— 4-7T — 8 
2 + 7T 



-4 
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19. x = t 3 + t, y + 2t 3 = 2x + t 2 => f = 3t 2 + 1, | + 6t 2 = 2| + 2t => f t = 2(3t 2 + 1) + 2t - 6t 2 = 2t + 2 

. dy _ 2t+ 2 . dy _ 2(l)+2 _ . 

dx 3t 2 +l dx (=1 3(1) 2 + 1 

20. t = ln(x — t), y = te‘ + 

^ £ = l^;t=0=>0 = lii(x-0)=xx = l £[_,= Kxi = 5 

X 27T r»27T r*27T ~ p27T 

y dx = J g a(l — cost)a(l — cost)dt = a 2 J g (1 — cost)~dt = a 2 J g (1 — 2cost + cos 2 t)dt 

X 27T p2.1V 

' ( 1 — 2cos t + 1 + c ° s 2t ) dt = a 2 J g (| — 2cost + j cos2t)dt = a 2 jt — 2sint + ^ sin2t 

L Jo 

= a 2 (37r — 0 + 0) — 0 = 37 t a 2 



^v = e 1 



22. A = J‘ g x dy = (t — t 2 )(— e l )dt u = t — t 2 => du = (1 — 2t)dt; dv = (— e l )dt => 

1 -i : 

= e *(t — t 2 ) — J e l (l — 2t)dt u = 1 — 2t => du = — 2dt; dv = e ‘dt =>■ v = — e 

0 

1 r 1 1 1 r 1 1 

= e~ l (t — t 2 ) — — e _t (l — 2t) — J g 2e~ ( dt = e~ ( (t — t 2 ) + e _t (l — 2t) — 2e~ l 

o L o J L Jo 

= (e -1 (0) + e -1 (— 1) — 2e _1 ) - (e°(0) + e°(l) - 2e°) = 1 - 3e- 3 = 1 - f 



23. A = 2 y dx = 2 (bsint)(— asint)dt = 2ab shrtdt = 2abjj ) J — dt = ab (1 — cos2t)dt 

= ab |\ — 4 sin 2t j = ab((7r — 0) — 0) = 7rab 

24. (a) x = t 2 , y = t 6 , 0 < t < 1 => A = y dx = J g (t 6 )2t dt = 2t 7 dt = |t 8 = \ — 0 = \ 

(b) x = t 3 , y = t 9 , 0 < t < 1 => A = f g y dx = [' (t 9 )3t 2 dt = f g 3t n dt = ±t 12 ' = \ - 0 = \ 



25. | = -sint and f = 1 + cos t =► yj (f ) + [% J = y (-sin t) 2 + (1 + cos t) 2 = 
=► Len S th = fo V 2 + 2cost dt = \[2 f Q v/(y5iH)(l+cos t) dt = \fl f () 



^"6“' - Jo V ^ -T- ^ t - v ^ J 0 Y Vl-costJ ' 1 T - V ^ J 0 Y I - cos i 

= \fl t dt (since sin t > 0 on [0, 7r]); [u = 1 — cos t => du = sin t dt; t = 0 => u = 0, 

t = 7T => u = 2] — > \Jl f u- 1 / 2 du = \pl [2U 1 / 2 ] 2 = 4 



26. |=3t 2 and|=3t =* J(f) 2 + ( %Y = C(3t 2 ) 2 + (3t) 2 = V / 9P + 9C = 



since t > 0 on 



=> Length = 3t \/ 1 2 + 1 dt; u = t 2 + 1 => | du = 3t dt; t = 0 => u = 1, t = \/3 => u = 4 

-> f* | u 1 / 2 du = [u 3 / 2 ] \ = (8 - 1) = 7 



27. |=tand|=(2t+l) 1 / 2 =► yj (^) 2 + (g) = Vt 2 + (2t + 1) = y/ (t + = I 1 + 1| = 1 + 1 since 0 < 1 < 4 

=> Length = (t + 1) dt = | + t = (8 + 4) = 12 
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28. | = (2t + 3) 1 / 2 and| = l+t =► ^/(|) 2 + (f) = /(2t + 3) + (1 + 1) 2 

since 0 < t < 3 =>■ Length = f (t + 2) dt = ^ + 2t = ^ 

u o ** 0 ^ 



= V t 2 + 4t + 4 = |t + 2| = t + 2 



29. ^ = 8t cos t and ^ = 8t sin t => y (^) 2 + = y (8t cos t) 2 + (8t sin t) 2 = \J 64t 2 cos 2 1 + 64t 2 sin 2 1 

= |8t| = 8t since 0 < t < | => Length = J () 8t dt = [4t 2 ] / 2 = n 2 



30 - f = (seLtWt) ( sec t tan t + sec 2 1) - cos t = sec t - cos t and f = - sin t +> / (|) 2 + (f ) 
= \J (sec t — cos t) 2 + (—sin t) 2 = \J sec 2 1 — 1 = \J tan 2 1 = |tan t| = tan t since 0 < t < | 

=> Length = J' () ' tan t dt = J Q ^ ^ dt = [— In |cos t|] / 3 = - In \ + In 1 = In 2 



3L | = -sin land % = cost =+ y(|) 2 +(|) = yj (-sin t) 2 + (cos t) 2 = 1 

p2-k 0 

= J () 27t( 2 + sin t) ( 1 ) dt = 2ir [2t — cos t] / = 27r[(47r — 1) — (0 — 1)] = 87 t 2 



Area = 



J 2ny ( 



y-t => Area = J" 27rx ds 



dt; [u = t 2 + 1 => du = 2t dt; t = 0 => u = 1, 



4 _ 28tt 
1 ~ 9 



32. | = d/ 2 and % = =► s) + ($) = ^ =► Area = f 2ttx ds 

= (| t 3 / 2 ) dt = f fj 3 t^/t 2 + 1 dt; [u = t 2 + 1 +> du = 2t dt; t = 0 => u = 1, 

[t=^3^u = 4] - du= [f u 3 / 2 ]^ 

Note: 27r (| t 3//2 ) y dt is an improper integral but lint f(t) exists and is equal to 0, where 

f(t) = 27 t (ft 3 / 2 ) yj Ctl . Thus the discontinuity is removable: define F(t) = f(t) for t > 0 and F(0) = 0 

=* / 0 v "F(t)dt= 2 r- 



33. f = land|=t+^2 => y (f ) 2 + (|) ' = y l 2 + (t + ‘ = \J t 2 + 2^/2 1 + 3 =+ Area = /27rxds 

= f^j-2 Tr(t+y/2j \J i 2 + 2y/2t + 3 dt; u = t 2 + 2-v/2t + 3 => du = (/t + 2y/2) dt;t=-y/2 => u= 1, 
[t = y/2 +> u = 9 ] -► f 9 TT^u du = [§ 7TU 3 /2] J = f (27 - 1) = 5|s 

34. From Exercise 30, J = tan t =+ Area = J' 27ry ds = 2tt cos t tan t dt = 27t sintdt 

= 27 r [— cos t] / 3 = 27 t [- \ — (- 1)] = 7T 



35. |=2and| = 



1 =* J (f ) 2 + (*) = V 22 + 12 = =4> Area = f 2ixy ds = J g 2n(t + 1)^/5 dt 



= 2n\/5 T+t =3n\/5. Check: slant height is y/5 => Area is 7r(l + 2) a/ 5 = 37r\/5 • 
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36. $ = h and / = r => 



,t) =V^ 



Area = I 2ivy ds = 



= 27ITA 



■ r 2 V = 7tr-\ 

^ n 



r 2 . Check: slant height is 



r 2 => Area is 



37. Let the density be 8 = 1. Then x = cos t + t sin t => $ = t cos t, and y = sin t — t cos t =4- y — t sin t 

=> dm = 1 • ds = <J (y/ + dt = yj (t cos t) 2 + (t sin t) 2 = |t| dt = t dt since 0 < t < | . The curve's mass is 

M = J dm = ^ t dt = y . Also M x = J y dm = f ^ (sin t — t cos t) t dt = fj t sin t dt — f J t 2 cos t dt 

= [sin t — t cos t] / 2 — [t 2 sin t — 2 sin t + 2t cos t] / 2 — 3 — y , where we integrated by parts. Therefore, 



v - M- - r 4 , 

y - M - pj 



_ 24 _ o 
— ^2 



/ r»7r/2 r^/l 

x dm = J 0 (cos t + t sin t) t dt = J t cos t dt + J Q t 2 sin t dt 



= [cos t + t sin t] / 2 + [— t 2 cos t + 2 cos t + 2t sin t] g 2 = y — 3, again integrating by parts. Hence 



v _ Mi — (t~ 3 ) _ 12 _ 24 



= v - Therefore (x,y) = ( 



12 24 24 



38. Let the density be 6 = 1. Then x = e ( cos t =>■ y = e’ cos t — e* sin t, and y = e l sin t => = e l sin t + e l cos t 

=> dm = 1 • ds = (y ) 2 + ^y^) dt = \J (e ( cos t — e ( sin t) 2 + (e ( sin t + e* cos t) 2 dt = \f\ 2e 2t dt = \/2 e l dt. 

The curve's mass is M = j dm = y/lt' dt = \J r L€' — \J~2 . Also M x = J y 1 dm = (e l sin t) ^^/2e 1 ^ dt 
= fo V^e 2 ' sin t dt = y/2 If (2 sin t - cos t)| = y/l (f + \) => y = & = ■ 



= fo V^e 2 ' sin t dt = [t ( 2 sin t - cos t)] g = ^2 (f + |) => y = & = • 

Next M y = J x dm = J () (e l cos t) ^\/2e , 'j dt = f 0 \/2 e 2t cos t dt = a/ 2 y (2 cos t + sin t) = — 



= -V2 T + !, 



Y _ My _ 

X - M - 



• Therefore (k, y) = (- , £%) . 



39. Let the density be 6 = 1. Then x = cos t => y = — sin t, and y = t + sin t => / = 1 + cos t 



dm = 1 - ds = J (y) 2 + fy) dt = J (-sin t) 2 + (1 + cos t) 2 dt = 



, cos t dt. The curve's mass 



is M = I dm = 



\ cos t dt = v2 



cos t dt = a/2 f 0 J 2 cos 2 Q) dt = 2 J f) [cos (|) dt 



= 2 J 0 cos (|) dt (since 0 < t < 7r => 0<^<|)=2[2sin Q)] ^ = 4. Also M x = J 'y dm 
= f Q ( t + sin t) (2 cos | ) dt = f Q 2t cos (|) dt + J Q 2 sin t cos (|) dt 

= 2 [ 4 cos (|) + 2t sin (§)] " + 2 [- § cos (| t) - cos (1 1 )] * = 4tt - l f =► y = ^ = tt - \ . 

Next M y — f x dm = J () (cos t) (2 cos |) dt = f () cos t cos (|) dt = 2 sin Q) + sm 3 - ^ = 2 — | 



= 2 — - 
z 3 



= ^ = 4 = 3 • Therefore (x, y) = (| , tt - |). 



40. Let the density be 6 = 1. Then x = t 3 =4- y = 3t 2 , and y=^ 1 =4 ^=3t=> dm = 1 • ds 

= J (y) - + ^y^ dt = \J { 3t 2 ) 2 + (3t) 2 dt = 3 |t| y/t 2 + 1 dt = 3ty/ 1 2 + 1 dt since 0 < t < y/3. The curve's mass 

is M = J dm = J o 3t/ 1 2 + 1 dt = (t 2 + 1) 3,/2 = 7. Also M x = J y dm = f y ^3t\/t 2 + 1^ dt 

y/3 

= %f 0 t 3 \/t 2 + 1 dt = y = 17.4 (by computer) y = ^ = y3 ~ 2.49. Next M y — J x dm 
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= fj t 3 • 3t a/O 2 + 1) dt = 3 f g tVt 2 + 1 dt « 16.4849 (by computer) => x = = l6 ' 4849 « 2.35. 

Therefore, (x, y) « (2.35,2.49). 



41. (a) ^ = —2 sin 2t and ^ — 2 cos 2t => (^f) 2 + = yj (— 2sin2t) 2 + (2cos2t) 2 = 2 

=> Length = J (j 2 dt = [2t] ^J 2 = tx 

7rt and ^ = — 7 r sin 7rt =>■ J (^)" + = yj (7rcos7rt) 2 + (— 7rsin7rt) 2 = 7r 



(b) ^ = 7T cos 



Length = f n dt = [nt] V2 /2 = tt 



- 1/2 



42. (a) x = g(y) has the parametrization x = g(y) and y = y for c < y < d => gy = g^y) and ^ = 1; then 

Length = XVfe) 2+ (^)^ dy = i:f^W dy = X-V 1 +[g'(y)] 2 d y 



(b) x = y 3 / 2 , 0<y<^| = \y^ 2 =* L = yfi + (§yV 2 ) 2 dy = f^y/l + ^ydy 



4 2 
9 * 3 



(i + Sy) 



— -L/at 3 / 2 L/it 3 / 2 — 56 

27 V z 27 V / — 27 



9, A 3 / 2 



4/3 

0 



(c) x=fy 2 / 3 ,0<y<l^|=y- 1 / 3 ^L = XVl + (y- 1 / 3 ) 2 dy = XV 1 + X 3dy= a U ™ X‘\/^ dy 

= a !™ ifj (y 2/3 + 0 1/2 (§y~ 1/3 ) d y = I • I (y 2/3 + !) 2/2 = (( 2 ) 3/2 - ( a2/3 + !) 3/2 ) = 2 ^ - 



43. x = (1 + 2sin0)cos0, y = (1 + 2sin0)sin0 ^ % = 2cos 2 d — sin0(l + 2sin0), ^ = 2cos0sin0 + cos 0(1 + 2sin0) 



v dy 2cos 6 sin 6 + cos 6( 1 + 2 sin 6) 4cos 6 sin 6 + cos fl 2 sin 20 + cos 6 

dx 2cos 2 0 — sin 0(1 + 2 sin 0) 2cos 2 0 — 2sin 2 0 — sin 0 2 cos 20 — sin 6 

(a) x = (1 + 2 sin(0))cos(0) = 1, y = (1 + 2 sin(0))sin(0) = 0; ^ 



6=0 



_ 2sin(2(0)) + cos(0) __ 0 + 1 1 

— 2cos(2(0)) — sin(0) — 2-0 — 2 



(b) x = (l + 2sin(|))cos(|) = 0, y = (l + 2 sin(|))sin(|) = 3; 



_ th 

dx 



?=tt/2 



2 sin(2(f ) ) + cos(f) 0 + 0 0 

2cos( 2 (f)) -sin(f) -2-1 



(c) x = (l + 2sin(y))cos(y) = ^ y — (l + 2sin(^ [ ))sin( : y) = 



in/Ltllcin/Lil — 3 ~ + ■ dy 



dx 



6= 4tt/3 



2sin(2(y)) +cos(y) 
2 cos( 2 (f)) -sin(f) 



v/3 — \ _ 2y/3- 1 
-I • ~~ v/ 3- 2 



( 



= -4+3+3 



44. x = t, y = 1 — cost, 0 < t < 27T (j) = 1, ^ = sint =t> ^ = sint => ^ = cost => jp = = cost. The 

dx 2 



maximum and minimum slope will occur at points that maximize/minimize + , in other words, points where 4 ) — 0 



=>cost = 0=>t=|ort==)f=> = +++ 



+++ 



(a) the maximum slope is + 



(a) the minimum slope is ^ 



t=7r/2 



t=3n/2 



7r/2 3ir/2 

= sin(f ) = 1, which occurs at x = |, y = 1 — cos(|) = 1 

= sin ( ) = —1, which occurs at x = + , y = 1 — cos(^) = 1 



45. $ = cos t and £ = 2 cos 2t =► £ = = IcosJt = 2 ( 2 cos^t- 1 ) then dy = Q 



2 (2 COS 2 t — 1) q 

COS t 



=> 2 cos 2 1 — 1 = 0 => cos t = ± =+■ t = | , ^ ^ , Tf . In the 1st quadrant: t = | =+ x = sin | = ^ and 

y = sin 2 (|) = 1 => (^, l^j is the point where the tangent line is horizontal. At the origin: x = 0 and y = 0 
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sin t = 0 =$■ t = 0 or t = 7r and sin 2t = 0 =+ t = 0, | , n, ^ ; thus t = 0 and t = 7r give the tangent lines at 



the origin. Tangents at origin: ^ 



= 2 =>■ y — 2x and ^ 



= -2 



y = — 2x 



46. $ = 2 cos 2t and t = 3 cos 3t +> = dyMt 



dt 



dx 



3 cos 3t 3(cos 2t cos t — sin 2t sin t) 

dx/dt 2 cos 2t 2(2 cos 2 t— 1 ) 

3 [(2 cos 2 1— 1) (cos t) — 2 sin t cos t sin t] (3 cos t) (2 cos 2 1 — 1 — 2 sin 2 1) (3 cos t) (4 cos 2 1 — 3) .i 

t^T) _ 2(2 COS 2 t — 1) “ 91? rnJt-W » 111611 



2 (2 cos^ 
i cos 
2 (2 cos 2 1 — 1 ) 



2(2 cos 2 t — 1) 



dy q , (3 cos t) (4 cos 2 t— 3) 

dx 



= 0 => 3 cos t = 0 or 4 cos 2 1 — 3 = 0: 3 cos t = 0 =4> t = | , ^ and 



4 cos 2 1 — 3 = 0 => cos t = ± ^ =+ t = | , ^ ^ . In the 1st quadrant: t = | => x = sin 2 (|) = ^ 

and y = sin3(|) = l +• ^^,l^is the point where the graph has a horizontal tangent. At the origin: x = 0 
and y = 0 => sin 2t = 0 and sin 3t = 0 +• t = 0, | , 7r, 4? and t = 0, ? , 3? , 7 r, ^ +■ t = 0 and t = 7r give 



_ y/3 



the tangent lines at the origin. Tangents at the origin: ^ 



2 cos 0 



3 ’ 3 ’ ’ 3 ’ 3 

= 1 =► y= |x.andg 



3 cos (3?r) __ 3 v 

2 cos (27 t) 2 y 



3 Y 
2 X 



47. (a) x = a(t — sint), y = a(l — cost), 0 < t < 27r =>■ % = a(l — cost), ^ = asint =+ Length 



J" 0 ^/(a(l — cost)) 2 + (asint) 2 dt = y/a 2 — 2a 2 cos t + a 2 cos 2 1 + a 2 sin 2 1 



dt 



= a\/2 J Q \J 1 — cos t dt = a\/2 J" Q y // 2sin 2 (^) dt = 2aJ^ sinQ) dt = — 4acosQ) 

= —4a cos 7T + 4a cos(0) = 8a 

(b) a = 1 => x = t — sin t, y = 1 — cos t, 0<t<27r+>)j) = l — cos t, $ = sin t => Surface area = 

= f 0 27r(l — cost)-^/ (1 — cost) 2 + (sint) 2 dt = 2n( 1 — cos t) y/l — 2 cos t + cos 2 1 + sin 2 1 dt 

= 2ttJ q ( 1 — cos t) y/2 — 2 cos t dt = 2\f2? r (1 — cost) dt = 2\/2nJ Q (l — cos (2 • ^)) 3/, ~ 
= 2^7 rf 0 (2sin 2 (|)) 3/2 dt = 8 wf sin 3 (|) dt 



dt 



j^u = j =>■ du = ^dt +> dt = 2 du; t = 0=>u = 0, t = 27r+>u = 

ni r p7T n it nix r*7T 

= 167T J Q sin 3 u du = 167t J q sin 2 u sinudu = 167t J q (1 — cos 2 u )sinudu = 167tJ o sinudu — 167rJ cos 2 usinudu 
= [-16 ttcosu + ±f+os 3 u]'‘ = (1677-^)- (-16 tt+ ift) = ^ 



J »Z 7 r nZ7 r y 

7r y 2 dx — J 7r( 1 — cost) (1 — cos t) dt 

n 2n n2n 

= tv Jo (1 — 3cost + 3cos 2 t — cos 3 t)dt = 7rJ o ( 1 — 3cos t + 3 ( 1 + ^ 2t ) — cos 2 t cos t) dt 

n 2.7T f*27T 

= 7 rj (| — 3cos t + |cos 2t — (1 — sin 2 t) cos t) dt = nJ Q (t — 4cos t + ^-cos 2t + sin 2 tcos t) 

[ft - 4si 



dt 



= 7 r 



4sin t 



| sin 2t 



^ sin 3 1 



= 7r(57r — 0 + 0 + 0)— 0 = 57 t 2 



47-50. Example CAS commands: 
Maple : 

with( plots ); 
with( student ); 
x := t -> t A 3/3; 
y := t -> t A 2/2; 
a := 0; 
b := 1; 

N := [2, 4, 8 ]; 
for n in N do 
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tt := [seq( a+i*(b-a)/n, i=0..n )]; 
pts := [seq([x(t),y(t)],t=tt)]; 

L := simplify(add( student[distance](pts[i+l],pts[i]), i=l..n )); # (b) 

T := sprintf("#47(a) (Section 1 1.2)\nn=%3d L=%8.5f\n", n, L ); 

Pin] := plot( [[x(t),y(t),t=a..b],pts], title=T ): # (a) 

end do: 

display( [seq(P[n],n=N)J, insequence=true ); 

ds := t ->sqrt( simplify(D(x)(t) A 2 + D(y)(t) A 2) ): # (c) 

L := Int( ds(t), t=a..b ): 

L = evalf(L); 

11.3 POLAR COORDINATES 



1. a, e; b, g; c, h; d, f 



2. a, f; b, h; c, g; d, e 



3. (a) (2, | + 2n7r) and (—2, | + (2n + l)7r) , n an integer 

(b) (2, 2n7r) and (—2, (2n + 1 )7r), n an integer 

(c) (2, y + 2n7r) and (-2, ^ + (2n + l)7r) , n an integer 

(d) (2, (2n + l)7r) and (—2, 2n7r), n an integer 



y 







A 1 


1 4 T- 


(- 2 , 0 ) 


( 2 ,' 0 ) ' 




^•f) 



4. (a) (3, | + 2n7r) and (—3, + 2n7r) , n an integer 

(b) (—3, | + 2n7r) and (3,^4- 2n7r) , n an integer 

(c) (3, - f + 2n7r) and (-3, ^ + 2n7r) , n an integer 

(d) (—3, — | + 2n7r) and (3, + 2n7r) , n an integer 




5. (a) x = r cos 8 — 3 cos 0 = 3, y = r sin 8 = 3 sin 0 = 0 => Cartesian coordinates are (3, 0) 

(b) x = r cos 8 — —3 cos 0 = —3, y = r sin 6 = — 3 sin 0 = 0 =>■ Cartesian coordinates are (—3, 0) 

(c) x = r cos 8 — 2 cos ^ = — 1, y = r sin 6 = 2 sin ^ = y/3 => Cartesian coordinates are 1, y/3^ 

(d) x = r cos 8 — 2 cos ^ = 1, y = r sin 9 = 2 sin ^ = \/3 => Cartesian coordinates are ^1, y/3^ 

(e) x = r cos 8 = — 3 cos n = 3, y = r sin 8 — — 3 sin 7r = 0 =>- Cartesian coordinates are (3, 0) 

(f) x = r cos 8 — 2 cos | = 1, y = r sin 8 = 2 sin | = \f?> => Cartesian coordinates are ^1, y/3^ 

(g) x = r cos 8 — — 3 cos 2i r = —3, y = r sin 8 = —3 sin 27r = 0 =>■ Cartesian coordinates are (—3, 0) 

(h) x = r cos 8 = —2 cos (— f ) = — 1, y = r sin 8 = —2 sin (— |) = Cartesian coordinates are 






6. (a) x = \[2 cos | = 1, y = \[2 sin | = 1 => Cartesian coordinates are (1, 1) 

(b) x = 1 cos 0=l,y=lsin0 = 0 => Cartesian coordinates are (1,0) 

(c) x = 0 cos | = 0, y = 0 sin | = 0 => Cartesian coordinates are (0, 0) 

(d) x = — \[2 cos (j) = — 1, y = — \J~2 sin (|) = — 1 =£■ Cartesian coordinates are (—1, —1) 

(e) x = — 3 cos y = , y = — 3 sin ^ = — § => Cartesian coordinates are 

(f) x = 5 cos (tan -1 |) = 3, y = 5 sin (tan -1 |) = 4 => Cartesian coordinates are (3,4) 
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(g) x = — 1 cos 77 t = 1, y = — 1 sin lix = 0 =$■ Cartesian coordinates are (1,0) 

(h) x = 2-/3 cos y = —a/ 3, y = 2y^3 sin y = 3 =>■ Cartesian coordinates are a/3, 3^ 

7. (a) (1, 1) => r = \J l 2 + l 2 = a/ 2, sin# = -/ and cos0 = -/ 0 = | => Polar coordinates are ^\/2, 

(b) (—3, 0) =» r = yf (— 3) 2 + 0 2 = 3, sin 0 — 0 and cos 9 = — 1 =S> 0 = 7r => Polar coordinates are (3, tt) 

(c) ^a/ 3, — lj => r = ^ (v^)" + (— l) 2 = 2, sin 6 = — | and cos 9 = => 0 = ^4 => Polar coordinates are (2, ^7/ 

(d) (—3, 4) => r = yf (— 3) 2 + 4 2 = 5, sind = | and cos# = — | =>■ 9 = 7r — arctan(j) => Polar coordinates are 
(5, 7T — arctan( j)) 

8. (a) (—2, —2) =>■ r = ^ (— 2) 2 + (— 2) 2 = 2^/2, sin0 = — and cost) = — -/=>()= — y =^> Polar coordinates are 

(2^2,-^) 

(b) (0, 3) =>■ r = y/0 2 + 3 2 = 3, sin# = 1 and cos # = 0=^#=|=> Polar coordinates are (3, |) 

(c) (—y/3, l^j => r = \J ^ — a/ 3^ + l 2 = 2, sin# = J, and cos# = — /!=>#==/=> Polar coordinates are (2, / ) 

(d) (5, —12) r = ^5 2 + (— 12) 2 = 13, sin 9 — — and cos# = / => 9 = — arctan(y) => Polar coordinates are 
(13, — arctan(y)) 

9. (a) (3, 3) => r = — \/3 2 + 3 2 = —3\pl, sin 9 = — and cos 9 = — -/=^0=y=>- Polar coordinates are 

(-3^2, f ) 

(b) (—1, 0) => r = — (— l) 2 + 0 2 = — 1, sin# = 0 and cos# = 1 =>■ 9 = 0 =>• Polar coordinates are (—1, 0) 

(c) ^—1, a/ 3 j => r = — yj (— l) 2 + = —2, sin# = — 'Z and cost) = *=»#= y Polar coordinates are 

(-2, f ) 

(d) (4, —3) => r = — /4 2 + (—3)” = —5, sin# = | and cos 9 = — | =>■ 9 = tt — arctanQ) Polar coordinates are 
(—5, 7r — arctan( |)) 

10. (a) (—2, 0) => r = —yj (— 2) 2 + 0 2 = —2, sin 0 = 0 and cos #=1=># = 0=> Polar coordinates are (—2, 0) 

(b) (1, 0) => r = —\J l 2 + 0 2 = — 1, sin# = 0 and cos # = — l=^# = 7ror# = — 7r =>■ Polar coordinates are (— 1, n) or 

(-1. -tt) 

(c) (0, —3) => r = — yj 0 2 + (—3)” = —3, sin 9 — 1 and cos # = 0=^#=|=>- Polar coordinates are (—3, |) 

(d) => r = — + (t)" = — 1, sin# = — j and cos 9 = — =>0=^-oi9 = — y => P°l ar coordinates 

are(-l,f)or(-l,— f) 
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26. 

y 

X 

27. rcos0 = 2 => x = 2, vertical line through (2, 0) 28. r sin 0 = — 1 =>• y = — 1, horizontal line through (0, — 1) 

29. r sin 0 — 0 =>• y = 0, the x-axis 30. r cos 0 = 0 => x = 0, the y-axis 

31. r = 4 esc 0 => r = -Ag => r sin 0 = 4 =>■ y = 4, a horizontal line through (0, 4) 

32. r = — 3 sec 0 => r = =>■ r cos 9 = — 3 => x = —3, a vertical line through (—3, 0) 

33. r cos 9 + r sin 8 = 1 => x + y = 1, line with slope m = — 1 and intercept b = 1 

34. r sin 9 = r cos 9 => y = x, line with slope m = 1 and intercept b = 0 

35. r 2 = 1 => x 2 + y 2 = 1, circle with center C = (0, 0) and radius 1 

36. r 2 = 4r sin 9 => x 2 + y 2 = 4y => x 2 + y 2 — 4y + 4 = 4 => x 2 + (y — 2) 2 = 4, circle with center C = (0, 2) and radius 2 

37. r = . g =>■ r sin 9 — 2r cos 9 — 5 => y — 2x = 5, line with slope m = 2 and intercept b = 5 

38. r 2 sin 28 = 2 => 2r 2 sin 9 cos 9 = 2 => (r sin 0)(r cos 6) = 1 xy = 1, hyperbola with focal axis y = x 

39. r = cot 9 esc 9 = (=^|) (=pg) r sin 2 9 = cos 9 => r 2 sin 2 0 = r cos 0 => y 2 = x, parabola with vertex (0, 0) 

which opens to the right 

40. r = 4 tan 0 sec 0 => r = 4 (^g) => r cos 2 0 = 4 sin 0 => r 2 cos 2 0 = 4r sin 0 x 2 = 4y, parabola with 
vertex = (0,0) which opens upward 

41. r = (esc 0) e rcosfl =>■ r sin 0 = e rcosfl => y = e x , graph of the natural exponential function 

42. r sin 0 = In r + In cos 0 = In (r cos 0) =>• y = In x, graph of the natural logarithm function 

43. r 2 + 2r 2 cos 0 sin 0 = 1 => x 2 + y 2 + 2xy =1 =>• x 2 + 2xy + y 2 = 1 => (x + y) 2 = 1 => x + y = ±1, two parallel 

straight lines of slope — 1 and y-intercepts b = ± 1 

44. cos 2 0 = sin 2 0 =>■ r 2 cos 2 0 = r 2 sin 2 0 => x 2 = y 2 =$■ |x| = |y| =$■ ± x = y, two perpendicular 

lines through the origin with slopes 1 and — 1, respectively. 

45. r 2 = — 4r cos 0 => x 2 + y 2 = -4x => x 2 + 4x + y 2 = 0 => x 2 + 4x + 4 + y 2 = 4 => (x + 2) 2 + y 2 = 4, a circle with 
center C(— 2, 0) and radius 2 
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46. r 2 = — 6r sin 0 => x 2 + y 2 = -6y x 2 + y 2 + 6y = 0 x 2 + y 2 + 6y + 9 = 9 => x 2 + (y + 3) 2 = 9, a circle with 
center C(0. —3) and radius 3 

47. r = 8 sin 9 => r 2 = 8r sin 9 => x 2 + y 2 = 8y =>■ x 2 + y 2 - 8y = 0 => x 2 + y 2 - 8y + 16 = 16 =>■ x 2 + (y - 4) 2 = 16, a 

circle with center C(0, 4) and radius 4 

48. r = 3 cos 9 => r 2 = 3r cos 9 => x 2 + y 2 = 3x => x 2 + y 2 - 3x = 0 => x 2 - 3x + \ + y 2 = \ 

=> (x- |) 2 +y 2 = | , a circle with center C (| , 0) and radius | 

49. r = 2 cos 9 + 2 sin 9 r 2 = 2r cos 9 + 2r sin 9 => x 2 + y 2 = 2x + 2y => x 2 — 2x + y 2 — 2y = 0 
=> (x — l) 2 + (y — l) 2 = 2, a circle with center C(l, 1) and radius \[2 

50. r = 2 cos 9 — sin 9 => r 2 = 2r cos 9 — r sin 9 => x 2 + y 2 = 2x — y => x 2 — 2x + y 2 + y = 0 

2 /s' 

=> (x — l) 2 +(y+|)" = |,a circle with center C (l, — -5) and radius 

51. r sin (9 + |) = 2 => r (sin 9 cos | + cos 9 sin |) = 2 =>■ ^ r sin 9 4- | r cos 9 = 2 => ^/y+^x = 2 

=> y/3 y + x = 4, line with slope m = — and intercept b = 

52. r sin ( y — 9) = 5 => r (sin y cos 0 — cos y sin 9) = 5 => y r cos 9 + | r sin 0 = 5 =>■ /^x+|y = 5 
=> y/3 x + y = 10, line with slope m = — \f . 3 and intercept b = 10 

53. x = 7 =>■ r cos 9 = 1 54. y = 1 => r sin 0 = 1 

55. x = y =>■ r cos 0 = r sin 0 => 0 = | 56. x — y = 3 => r cos 0 — r sin 9 = 3 



57. x 2 + y 2 = 4 => r 2 = 4 =>• r = 2 or r = -2 

58. x 2 - y 2 = 1 => r 2 cos 2 9 — r 2 sin 2 0=1 => r 2 (cos 2 9 — sin 2 0) = 1 => r 2 cos 20 = 1 

59. f + £ = 1 4x 2 + 9y 2 = 36 => 4r 2 cos 2 0 + 9r 2 sin 2 9 = 36 

60. xy = 2 => (r cos 0)(r sin 0) = 2 => r 2 cos 0 sin 0 = 2 => 2r 2 cos 0 sin 0 = 4 r 2 sin 20 = 4 

61. y 2 = 4x r 2 sin 2 0 = 4r cos 0 => r sin 2 0 = 4 cos 0 

62. x 2 + xy + y 2 = 1 => x 2 + y 2 + xy = 1 => r 2 + r 2 sin 0 cos 0=1 => r 2 (1 + sin 0 cos 0) = 1 

63. x 2 + (y - 2) 2 = 4 => x 2 + y 2 - 4y + 4 = 4 => x 2 + y 2 = 4y => r 2 = 4r sin 0 => r = 4 sin 0 

64. (x - 5) 2 + y 2 = 25 => x 2 - lOx + 25 + y 2 = 25 => x 2 + y 2 = lOx ^ r 2 = lOr cos 0 => r = 10 cos 0 

65. (x — 3) 2 + (y + l) 2 = 4 => x 2 — 6x + 9 + y 2 + 2y + 1 = 4 => x 2 + y 2 = 6x — 2y — 6 => r 2 = 6r cos 0 — 2r sin 0 — 6 

66. (x + 2) 2 + (y - 5) 2 = 16 => x 2 + 4x + 4 + y 2 - lOy + 25 = 16 => x 2 + y 2 = -4x + lOy - 13 

=> r 2 = — 4r cos 0 + lOr sin 0—13 



Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 




Section 1 1.4 Graphing in Polar Coordinates 667 



67. (0, 9) where 9 is any angle 



68. (a) x = a =>■ r cos 9 = a => r = =>• r = a sec 9 

(b) y = b => r sin 9 = b => r = -4- =+ r = b esc 9 

v 7 J sin 6 

11.4 GRAPHING IN POLAR COORDINATES 



1 . 1 + cos (—9) = 1 + cos 9 = r =+ symmetric about the 
x-axis; 1 + cos (—9) ^ — r and 1 + cos (tt — 9) 

= 1 — cos 0 / r=> not symmetric about the y-axis; 
therefore not symmetric about the origin 



y 




2. 2 — 2 cos (— 9 ) — 2 — 2 cos 9 = r => symmetric about the 
x-axis; 2 — 2 cos (—9) ^ — r and 2 — 2 cos (n — 9) 

= 2 + 2 cos 9 ^ r => not symmetric about the y-axis; 
therefore not symmetric about the origin 



3. 1 — sin (—9) — 1 + sin 9 ^ r and 1 — sin (tt — 9) 

= 1 — sin 9 ^ — r =i> not symmetric about the x-axis; 
1 — sin (tt — 9) = 1 — sin 9 = r +> symmetric about 
the y-axis; therefore not symmetric about the origin 



y 




4. 1 + sin (—9) — 1 — sin 9 ^ r and 1 + sin (tt — 9) 

= 1 + sin 9 ^ — r +> not symmetric about the x-axis; 

1 + sin (tt — 9) = 1 + sin 9 = r => symmetric about the 
y-axis; therefore not symmetric about the origin 



y 
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